Harmonic Analysis of Random Fractional Diffusion-Wave Equations by Anh, Vo & Leonenko, Nikolai
This is the author’s version of a work that was submitted/accepted for pub-
lication in the following source:
Anh, Vo & Leonenko, Nikolai (2003) Harmonic Analysis of Random Frac-
tional Diffusion-Wave Equations. Applied Mathematics and Computation,
141( (2003)), pp. 77-85.
This file was downloaded from: http://eprints.qut.edu.au/22103/
Notice: Changes introduced as a result of publishing processes such as
copy-editing and formatting may not be reflected in this document. For a
definitive version of this work, please refer to the published source:
HARMONIC ANALYSIS OF RANDOM FRACTIONAL
DIFFUSION-WAVE EQUATIONS
V. V. ANH AND N. N. LEONENKO
A. This paper presents the Green functions and spec-
tral representations of the mean-square solutions of the fractional
diffusion-wave equations with random initial conditions.
1. I
usc

We consider the n-dimensional fractional diffusion-wave equation
∂βu
∂tβ
= −µ (I −∆)γ/2 (−∆)α/2 u, µ > 0,(1.1)
where u = u (t, x) , t ∈ R1, x ∈ Rn is assumed to be a causal function
in time, i.e. vanishing for t < 0, and the fractional derivative in time
is taken in the Caputo-Djrbashian sense:
∂βu
∂tβ
=
{
∂mu(t,x)
∂tm
, β = m ∈ N,
1
Γ(m−β)
∫ t
0
(t− τ)m−β−1 ∂mu(τ,x)
∂τm
dτ, m− 1 < β < m(1.2)
(see Caputo [6], Djrbashian and Nersesian [8], Djrbashian [7]).
Here, ∆ is the n-dimensional Laplace operator, and the operators
− (I −∆)γ/2 , γ ≥ 0, and (−∆)α/2 , α > 0, are interpreted as inverses
of the Bessel and Riesz potentials respectively (see Appendix B of Anh
and Leonenko [4]). Both Bessel and Riesz potentials are considered to
be defined in a weak sense in the frequency domain in terms of fractional
Sobolev spaces. We refer to Eq. (1.1) as a fractional diffusion equation
when 0 < β ≤ 1 and as a fractional wave equation when 1 < β ≤ 2.
In the stochastic situation, linear and non-linear heat and wave equa-
tions have been studied by Kampé de Feriet [12], Orsingher [20], Anh
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and Leonenko [2], Miller and Morien [19], Peszat and Zabczyk [21]
(see also the references therein). Beghin et al. [5] considered linear
Korteweg-de Vries equation with random data.
Mathematical aspects of the initial-value problems and boundary-
value problems for Eq. (1.1) with the fractional derivative in the sense
of Caputo-Djrbashian, Riemann-Liouville or inverse Riesz potential,
etc. (see Podlubry [22]) and for other equations of this type (with
γ = 0) have been treated by several authors including Schneider and
Wyss [25], Schneider [24], Kochubei [13], Mainardi [16], Saichev and
Zaslavsky [23], Gorenflo et al. [10, 11], Gorenflo et al. [9], Angulo et
al. [1], Anh and Leonenko [3], [4].
On the other hand, some partial differential equations of fractional
order of type (1.1) were successfully used for modelling relevant physical
processes (see for example, Podlubny [22], Anh and Leonenko [3], [4]).
We shall concentrate on the case of random initial conditions, that
is, for 0 < β ≤ 1,
u (t, x)|t=0 = u0 (x) = ξ (x) , x ∈ Rn,(1.3)
while for 1 < β ≤ 2,
u (t, x)|t=0 = u0 (x) = ξ (x) ,
∂
∂t
u (t, x)
∣∣∣∣
t=0
= u1 (x) = η (x) , x ∈ Rn,
(1.4)
where ξ (x) and η (x) are real measurable random fields defined on a
complete probability space (Ω,F , P ) . The Green function of Eq. (1.1)
is given in the next section together with its special cases. The initial-
value problems (1.1), (1.3) and (1.1), (1.4) and the spectral represen-
tations of their mean-square solutions are then addressed in Section
3.
2. G
 usc


We shall extensively use the following entire function of order ρ = 1/a
and type 1:
Ea,b (z) =
∞∑
k=0
zk
Γ (ak + b)
, a > 0, b ∈ C, z ∈ C.(2.1)
The function (2.1) is known as the generalized Mittag-Leffler function
(see Djrbashian [7], Mainardi and Gorenflo [17]). Special simple cases
are
E1,1 (z) = e
z, E1,2 (z) =
ez − 1
z
, E2,1
(
+z2
)
= cosh (z) ,
E2,1
(−z2) = cos z, E2,2 (z) = sinh (z1/2) /z1/2.
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Consider now Eq. (1.1) subject to the initial condition
u (t, x)|t=0 = δ (x) , x ∈ Rn,(2.2)
where δ (x) is the Dirac delta function.
Let S = S (Rn) be the Schwartz space of rapidly decreasing C∞ (Rn)
functions with its dual S ′ = S ′ (Rn) , which is the space of tempered
distributions. We shall denote by û = Fx [u] the Fourier transform of
a distribution u ∈ S ′ with respect to the space variable x ∈ Rn. In
particular, let Ĝ = Ĝ (t, ξ) , t > 0, ξ ∈ Rn being the dual variable of
x ∈ Rn, be the Fourier transform of the fundamental solution (i.e., the
Green function) of the Cauchy problem (1.1), (1.4). By the Fourier
transform with respect to x, problem (1.1) and (1.4) is equivalent to
the Cauchy problem
dβĜ
dtβ
= −µ |ξ|α (1 + |ξ|2)γ/2 Ĝ, Ĝ (0, ξ) = 1.(2.3)
(see Anh and Leonenko [4]). To solve (2.3), we use some important
results of Djrbashian and Nersesian [8, Theorems 5 and 6], and Luchko
and Gorenflo [15] (see also Kochubei [13], Gorenflo et al. [9] or Anh
and Leonenko [4]). The following result is obtained:
Theorem 1. The Cauchy problem (2.3) has a unique solution given
by
Ĝ (t, ξ) = Eβ,1
(
−µtβ |ξ|α (1 + |ξ|2)γ/2) ,(2.4)
where 0 < β ≤ 2, α > 0, γ > 0 and Eβ,1 (−x) , x ≥ 0, is the Mittag-
Leffler function (2.1) of the negative real argument. Moreover, for
u0 (x) ∈ S (or u0 (x) ∈ S ′ with compact support), the initial value
problem (1.1), (1.3) for the fractional diffusion equation (0 < β ≤ 1)
or the initial value problem (1.1), (1.4) with η (x) ≡ 0 for the fractional
wave equation (1 < β ≤ 2) has the unique solution
u (t, x) =
∫
Rn
G (t, x− y)u0 (y) dy,
where the Green function G has Fourier transform (2.4).
Remark 1. This theorem was formulated by Anh and Leonenko [4] for
the case 0 < β ≤ 1.
Let G (t, x) , t > 0, x ∈ Rn, be the fundamental solution of the equa-
tion (1.1), whose Fourier transform is given by (2.4). The inverse
Fourier transform can be written as
G (t, x) = (2π)−n
∫
Rn
ei〈λ,x〉Eβ,1
(
−µtβ |λ|α (1 + |λ|2)γ/2) dλ.(2.5)
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For α > 0, β ∈ (0, 2], γ ≥ 0 such that
Eβ,1
(
−µtβ |λ|α (1 + |λ|2)γ/2) ∈ L1 (Rn)(2.6)
the Green function (2.5) G (t, x) belongs toL1 (R
n) for a fixed t >
0. Using the Hankel method, this inverse Fourier transform can be
represented as
G (t, x) = (2π)−n/2 |x|(2−n)/2
∫ ∞
0
ρn/2J(n−2)/2 (|x| ρ)(2.7)
×Eβ,1
(
−ρα (1 + ρ2)γ/2 tβµ) dρ,
where Jν (z) is the Bessel function of the first kind of order ν. The
Hankel transform (2.7) exists for γ ≥ 0, β ∈ [0, 2] , α > 0 such that
ρ(n−1)/2Eβ,1
(
−ρα (1 + ρ2)γ/2 tβµ) ∈ L1 ([0,∞)) .(2.8)
For a fixed t, the condition (2.6) holds, for example, for every β ∈ (0, 1]
if α + γ > n, while condition (2.8) is satisfied for α + γ > (n+ 1) /2.
From these ranges we see the important role of the parameter γ in Eq.
(1.1) (see Anh and Leonenko [4] for details).
To the best of our knowledge, the Green function (2.5) or (2.7) of
the fractional diffusion-wave equation (1.1) is the most general in the
existing literature.
If β = 1, the Mittag-Leffler function E1,1 (−x) = exp {−x} , x ≥ 0,
and from (2.5) we obtain an explicit expression for the Green function
G (t, x) = (2π)−n
∫
Rn
exp
{
i 〈λ, x〉 − µt |λ|α (1 + |λ|2)γ/2} dλ, α > 0, γ ≥ 0.(2.9)
For γ = 0, α = 2, the Green function (2.9) reduces to the n-dimensional
isotropic Gaussian density. For γ = 0, α = 1, the Green function (2.9) is
the density function of the n-dimensional isotropic Cauchy distribution,
while for γ = 0, α ∈ (0, 2], the function (2.9) reduces to the density
function of the n-dimensional symmetric stable distribution. Note that
for α > 2, the function (2.9) may become negative for some value of x
(see Beghin et al. [5]).
For γ = 0, we are able to give a new explicit expression for the Green
function (2.5) in terms of H-functions of Fox (see Anh and Leonenko
[4]). For example, if γ = 0, α = 2, β ∈ (0, 1], the Green function (2.5)
is reduced to
G (t, x) = π−n/2 |x|−nH2,12,3
(
|x|2
4tβµ
∣∣∣∣∣ (1, 1) (1, β)(n/2, 1) (1, 1) (1, 1)
)
,(2.10)
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where H2,12,3 are the Fox H-functions (see Srivastava et al.[26]).
The Green function (2.10) can be reduced to the Green functions of
Schneider and Wyss [25] or Kochubei [13] (see Anh and Leonenko [4]
for details). Note that for n = 1, 0 < β ≤ 2, γ = 0, α = 2, our Green
function coincides with the Green function of Mainardi [16], which was
obtained in terms of the entire function of order 1/ (1 + λ)
Wa,b (z) =
∞∑
k=0
zj
j!Γ (ak + b) ,
a > −1, b ∈ C, z ∈ C,
which is known as Wright’s function (see Gorenflo et al. [10]) or gen-
eralized Bessel function due to the relation(z
2
)−ν
Jν (z) = W1,ν+1
(
−1
4
z2
)
.
The Wright function is also a special case of H-function (see Srivastava
et al.[26] or Gorenflo et al. [10]). In this case (n = 1, 0 < β ≤ 2, γ = 0, α = 2)
G (t, x) =
1
2tβ/2
√
µ
M
( |x|
tβ/2
√
µ
;
β
2
)
, x ∈ R1, t > 0,
where
M
(
u;
β
2
)
= W−β
2
,1−β
2
(−u) , u ≥ 0.
In the simplest cases,
M
(
u;
1
2
)
=
1√
π
exp
{
−u
2
4
}
, M
(
u;
1
3
)
= 32/3Ai
( u
31/3
)
with the Airy function Ai (z) . For n = 1, β = α, γ = 0 , we obtain
the neutral-fractional diffusion with the Green function of a fractional
Cauchy type (see Gorenflo et al. [9]):
G (t, x) =
1
π
|x|α−1 tα sinαπ/2
t2α + 2 |x|α tα cosαπ/2 + |x|2α .
Some other explicit expressions of the Green function of the fractional
diffusion-wave equation can be found in recent papers by Anh and
Leonenko [4] or Mainardi et al. [18].
3. S 


We use some elements of the spectral theory of random fields (see, for
example, Leonenko [14]. Consider now the equation (1.1) with 0 < β ≤
1, the initial condition (1.3), where ξ (x) = ξ (ω, x) : Ω×Rn → R1, is a
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real, mean-square continuous homogeneous (in the wide sense) random
field with mean Eξ (x) = 0, and covariance function
Bξ (x) = cov (ξ (0) , ξ (x)) =
∫
Rn
ei〈λ,x〉Fξ (dλ) ,(3.1)
where F is the spectral measure, that is, a bounded non-negative mea-
sure on (Rn,B (Rn)) , B (Rn) being the σ-field of Borel sets on Rn. In
view of Karhunen’s Theorem, there exists a complex-valued orthogo-
nally scattered random measure Zξ, such that, for every x ∈ Rn, the
random field itself has the spectral representation (P − a.s)
ξ (x) =
∫
Rn
ei〈λ,x〉Zξ (dλ) , E |Zξ (A)|2 = Fξ (A) , A ∈ B (Rn) .
(3.2)
From (2.4), (2.5) and (3.2), we obtain the solution of the initial-value
problem (1.1), (1.3) for 0 < β ≤ 1 or the initial-value problem (1.1),
(1.4) with η (x) = 0 for 1 < β ≤ 2. This can be written as the convo-
lution
u (t, x) =
∫
Rn
G (t, x− y) ξ (y) dy
=
∫
Rn
ei〈λ,x〉Eβ,1
(
−µtβ |λ|α (1 + |λ|2)γ/2)Zξ (dλ) ,(3.3)
where Eβ,1 is the Mittag-Leffler function (2.1), and the stochastic in-
tegrals (3.2) and (3.3) are interpreted in the mean-square sense. In
addition
∂βu
∂tβ
= −µ
∫
Rn
ei〈λ,x〉 |λ|α (1 + |λ|2)γ/2
×Eβ,1
(
−µtβ |λ|α (1 + |λ|2)γ/2)Zξ (dλ)
= −µ (I −∆)γ/2 (−∆)α/2 u,
where the fractional derivatives in space are interpreted in the mean-
square sense in the frequency domain (see Anh and Leonenko [4]).
Thus, we can interpret (3.3) as the mean-square solution or L2 (Ω)-
solution. We arrive at the following result:
Theorem 2. The mean-square solution of the initial-value problem
(1.1), (1.3) for 0 < β ≤ 1 or (1.1), (1.4) with η (x) ≡ 0 for 1 < β ≤ 2
is given by (3.3). Moreover, the covariance function of the random field
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(3.3) is of the form
cov (u (t, x) , u (s, y)) =
∫
Rn
ei〈λ,x−y〉Eβ,1
(
−µtβ |λ|α (1 + |λ|2)γ/2)
×Eβ,1
(
−µsβ |λ|α (1 + |λ|2)γ/2)Fξ (dλ) ,
where Fξ is the spectral measure of the initial-condition field (3.2).
In general, we are not able to solve the initial-value problem (1.1),
(1.4) for 1 < β ≤ 2 in which the random field η (x) , x ∈ Rn is not zero.
But for 1 < β ≤ 2, α = 2, γ = 0, we propose to consider, instead of the
Cauchy problem (1.1), (1.4) the following fractional integral equation
of Volterra type:
u (t, x) = u0 (x) + tu1 (x) +
1
Γ (β)
∫ t
0
(t− τ)β−1∆u (τ , x) dτ , 1 < β ≤ 2
(3.4)
which reduces to the integrated wave equation for β = 2. The solution
of (3.4) can be expressed in term of the initial condition (1.4) as
u (t, x) =
∫
Rn
G (t, x− y) u0 (y) dy +
∫
Rn
G(1) (t, x− y) u1 (y) dy,
(3.5)
where G (t, x) is defined as∫
Rn
ei〈λ,x〉G (t, x) dx = Eβ,1
(− |λ|2 tβ)(3.6)
and
G(1) (t, x) =
∫ t
0
G (τ , x) dτ.
In particular, for n = 1 and the limiting case β = 2
G (t, x) =
δ (t− x) + δ (t+ x)
2
,(3.7)
and if u1 (x) ≡ 0, we have d’Alambert formula
u (t, x) =
1
2
[u0 (x− t) + u0 (x+ t)] .(3.8)
From (3.1)-(3.3) and (3.6)-(3.8) we arrive at the following result:
Theorem 3. Consider the solution u (t, x) of the fractional integral
equation of Volterra type (3.4) for 1 < β ≤ 2 (α = 2, γ = 0) , in which
u0 (x) = ξ (x) , u1 (x) = η (x) , where ξ (x) and η (x) , x ∈ Rn, are two
uncorrelated measurable mean-square continuous homogeneous random
fields with zero means and covariance functions Bξ (x) and Bη (x) of
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the form (3.1) with spectral measures Fξ and Fη having the spectral
representations of the form (3.2) with complex-valued random spectral
measures Zξ and Zη respectively. Then the random field u (t, x) has the
following spectral representation:
u (t, x) =
∫
Rn
ei〈λ,x〉Eβ,1
(−tβ |λ|2)Zξ (dλ) + t∫
Rn
ei〈λ,x〉Eβ,2
(−tβ |λ|2)Zη (dλ) ,
1 < β ≤ 2, t > 0, x ∈ Rn, with the covariance structure
cov (u (t, x) , u (s, y)) =
∫
Rn
ei〈λ,x−y〉Eβ,1
(−tβ |λ|2)Eβ,1 (−sβ |λ|2)Fξ (dλ)
+ts
∫
Rn
ei〈λ,x−y〉Eβ,2
(−tβ |λ|2)Eβ,2 (−sβ |λ|2)Fη (dλ) ,
where Eβ,1 (−x) , x ≥ 0 and Eβ,2 (−x) , x ≥ 0 are the Mittag-Leffler
functions (2.1).
Remark 2. Note that for 1 < β ≤ 2, the Mittag-Leffler functions
Eβ,1 (−x) , x ≥ 0 and Eβ,2 (−x) , x ≥ 0 have zeroes in contrast to the
case 0 < β ≤ 1, in which the Mittag-Leffler function Eβ,1 (−x) , x ≥ 0
is completely monotonic (see, for example, Schneider [24]).
Now, let n = 1, β = 2 and consider the d’Alambert formula (3.8),
that is, the case η (x) = 0. Then, for the wave equation (β = 2, α = 2, γ = 0, µ = 1)
with the initial random field (3.2), we obtain the following spectral rep-
resentation
u (t, x) =
∫
R1
eiλx cos (λt)Zξ (dλ)(3.9)
with covariance function
cov (u (t, x) , u (s, y)) =
∫
R1
cos (λ (x− y)) cos2 (λt)Fξ (dλ) .
We call (3.9) the d’Alambert random field.
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